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ABSTRACT 

We establish, starting from some assumptions of the order of magnitude of a 
huge cardinal, the consistency of (R~+~, R~)~(tOl, COo), as well as of some 
other transfer properties of the type (x +, x )~  (~ +, ~), where x is singular. 

0. Notations 

0.1. On denotes the class of  all ordinals. 

[ X [ denotes the cardinali ty of  X. 

0.2. I f2  is a cardinal and a is an ordinal, 2 +~ denotes the a th  successor of  2. 

0.3. If/~ is a cardinal, H~ is the set of  all sets o f  hereditary cardinali ty </~.  

0.4. I fp  is a function, d o m ( p )  is the domain  o fp  and Rg(p)  is the range ofp .  

0.5. Let.4 be a structure, dom(.4 ) is the base set of.4.  "X < .4" means that  X 

is an elementary substructure of .4 .  Hull(X, `4) is the Skolem Hull o f  X in .4 

(with respect to a fixed well-order of  dom(.4)). 

0.6. I f j  is an elementary embedding, cp(j) is the critical point  o f j .  

0.7. I f G  is generic over Vand a E V, ac denotes the G-interpretation o f  a in 

V[G]. 

Received December 20, 1988 

161 



162 J.-P. LEVINSKI ET AL. Isr. J. Math. 

1. Chang's Conjectures 

1.1. Let L be a first-order language. Let A*, B* be two classes of  L- 

structures. Chang's Conjecture for (,4 *, B*) (over L) can be stated as follows: 

for every AEA* there exists BEB* such that B <A.  We usually write 

A*---~ B*. 

1.2. Usually, we consider a two-cardinal form of Chang's Conjecture. Let 

x, 2, fl, a be four infinite cardinals. We write (x, 2)--~(fl, a) iff the following 

holds: for every countable first-order language L and for every L-structure 

A = (x, 2 . . . .  ) there exists an X < A such that I XI = P and IX N 2 1 = a. 

1.3. REMARKS. (1) It is clear that we obtain the same conjecture if  we look 

only at languages L such that I L I < 09, or even only at languages L such that 

I L I < 2, as soon as L contains at least a binary predicate. 

(2) We can also introduce a fifth cardinal # and write (x, 2 ) ~  <~ (fl, a) 

meaning that we have got to take care of  all the languages L such that I L I < #. 
(3) We can also define the symbol (x, 2)--,(fl,  < a), which means that the 

elementary substructure X should be such that I X I = fl and I X N 2 1 < a. 

One can consult JR] for more information. 

1.4. Let us go back to the case (x, 2)~(f l ,  a). Several cases are 
"irrelevant", in the following sense: they are either provably false or provably 
true (in ZFC). In order to avoid these trivial cases, we must have: x > 4, fl > a, 
x>f l ,  2>a .  

1.5. For instance, we can consider conjectures like 

(0)s, (0)4, 0)9 

(0)3, 0)1) 

(0)2, 0)0) 

(0)3, 0)2). 

1.6. Note that a finite gap can never be increased. For example, (0)5, 0)4)--~ 

(0)3, 0)0 is inconsistent, because we can code the fact that "the universe is _-< to 

the successor of  094". 

1.7. MORE EXAMPL]~S. (1) The usual Conjecture of  Chang is (0)2, 0)1) --~ 

(0) .  0)0). 
(2) (x, 0)0--~(x, 0)o) means that x is 0)~-Rowbottom. 
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(3) (V2 < x)[(r, 2)--~(x, (.00)] means that x is Rowbottom. 
(4) SetA* = (A/dom(A) = x} and 

B* = (B/dom(B) ___ x, dom(B) ~ x, [dom(B)[ = x}. 

A*--~B* means that x is Jonsson. 

1.8. CONSISTENCY. (1) The consistency of ((.02, tol)-~(tol, too) has been 
established early by Silver (unpublished), starting with an to,-Erd6s cardinal. 

(2) Later proofs have been given by Baumgartner (unpublished) and in 
[DL], without use of  Martin's Axiom, and also using a Levy collapse instead of 
a Silver collapse. 

(3) The consistency of(ton+2, ton +l)---~',(ton +1, ton) for n > 1 has been estab- 
lished in [K], starting with a huge cardinal. 

The consistency of other forms of Chang's Conjecture can be found in IF]. 

1.9. CONVERSES. As to converses, the following is known. 
(1) [DJK] shows that, if (to2, (.01)"'~((.01, COO) holds and if we set x = (.02 and 

2 = to~, then K ~ "x is 2-Erd6s" (where K denotes the Core Model). 
(2) Indeed, the proof  of  [DJK] shows also the following. If, for some infinite 

cardinals x and 2, (x +, x) -*(2  +, 2) holds, then, set t ing/t  = 2 +, K ~ "there 
exists a p-Erd6s cardinal". 

1.10. When we look at conjectures of the form (r+,  x)--~,(2 +, 2), we have 
two quite different situations, depending on whether 2 = too or 2 > tol. 

(1) We know that, if (x +, x )~ ( to l ,  too), then K ~ "there exists an tol-ErdOs 
cardinal". 

(2) Conversely, if we start with an torErd6s cardinal, we can obtain the 
consistency of almost any conjecture of the form (x +, x)--~ (co,, too), as long as 
we accept x to be regular (for example, x can be o97, or the first inaccessible 
cardinal). 

1.1 1. HIGHER CARDINALS. The situation changes, if we look at (x +, x)--~ 
(2 +, 2), where 2 ~ tol. 

(1) It is proved in [DK]' that, if (x ++, x+)~(x +, x) and x => tol, then 0* 

["0 dagger"] exists. 
(2) [L] derives the existence of  0* from other forms of  Chang's Conjecture, 

such as the following: 
(a) (x +, x ) ~ ( 2  +, 2) and 2 > tol, 
(b) (x +~, x ) ~ ( 2  +m, 2) and m > 2, 
(c) (x +, x)~(to~,  too) and 1r is singular. 



164 J.-P. LEVINSKI ET AL. Isr. J. Math. 

One can also, for more on the existence of 0* following from some forms of  
Chang's Conjecture, look at [DKL]. 

1.12. Hence, by 1.11(2)(c), "(x +, x)--~,(tob too) and r i s  singular" is already 
a rather large cardinal axiom. 

The rest of  this paper is devoted to establishing the consistency of  various 
hypotheses of the form (x +, x)--~(2 +, ~), where x is singular, in particular of  

(R~+~, ~)-*(to~, too). 

1.13. Before proceeding further, we may already note a fact, which puts 
some limits on the possibility of this kind of  conjecture. 

LEMMA 1. Assume that x, p are infinite cardinals such that x is singular and 
p~On~) = p (in particular, cof(x) < p ) .  Then: (x +, x)-#(p +, p). 

Proof  of Lemma 1. Assume that (x +, x)--~(p+,p). Set 0 = cof(x). Hence, 
0 < p .  Clearly, x~ x +. Let (f~)i<~+ be a family of x + different functions, 
f~: O ~ x .  Set F =  Ui<~+ {i} • and A = ( x  +, O,F). Assume that X < A ,  
IXI = P +  and IX N xl ----p. By elementarity, the family f,. rx: X n O--*X o x 
is made of IXl different functions. But IX n x l  ~xn~ < p o < p ,  a con- 
tradiction. QED Lemma 1. 

2. Elementary submodels 

2.1. Before dealing with singular cardinals, we shall recall a possible way of 
proving that certain forms of Chang's Conjecture are preserved in some 
generic extensions. 

First of all, let us recall the following lemma. 

LEMMA 2. Assume that x, ~, fl, a are four infinite cardinals. The following 
are equivalent. 

(I) (/C, 2)-~(fl, a). 
(2) For at least one regular cardinal l~ > x, the following holds: 

for every language L with I L l _ -  < to and every L-structure B = 
(Hv, E ,  L B), there exists Y < B such that 

(a) I Y N x l  = f l ,  
(b) l Y n X 1  = a .  

(3) For every regular cardinal ~ > x, (2) holds. 

PROOF OF LEMMA 2. (3) ~ (2) is obvious. 
(2) ~ (1). Assume that L is a countable language and that A = (x, ,~, L A) is 
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an L-structure.  Set B = (Hr, E ,  Jc, 2, L A) and let Y < B be such that  

I Y n r l = f l a n d  I Y n 2 1 = a .  I t i s c l e a r t h a t Y n l c < t A .  
(1)-~ (3). Let g be regular, such that  g _-> lc. Let L be a countable language, 

and B = (Hr, ~ ,  L 8, <~) be a structure, where <1 is a well-order on H r. Let 

(f.) .<,o, f ,  : [Hr]" ~ H r ,  be a complete set o f  Skolem functions for B and 

define, for n < to, a function g, : [it]" ~ : ,  setting, for a ~ [ r ] " ,  

g " ( a ) = { ~  (a) ifnot.iff"(a)E2' 

Finally, setA = (~:, 2, (g,) ,  <~o). Let, by ( l ) ,  X be such that  X < A, IX[ = f l and  

[ X n 2 [ = a .  Set Y =  Hull(X, B). It is clear that  [Y[ = [ Y n r [ = [ X [ = f l .  

On the other hand,  due to the g, 's,  we have [ Y n 2 [ -- a. QED Lemma 2. 

2.2. Let us now, as a sample, recall the following. 

THEOREM 3. Assume that (r., a +)--~(a +, a). Let P be a set o f  conditions, 
such that P satisfies the a +-antichain condition. Then: 

V p ~ ( ~ , a + ) + ( , ~ + , l ~ l ) .  

PRoov ov THEOREM 3. Let/~ be a regular cardinal, large enough so that  
~ ( P )  _ H r. Let G be P-generic over V. Since ~ ( P )  ___ H,, (Hr) viol = HAG ]. 
Let, in V[G], B = (H,[G],E, B) be a structure. Take B E V, such that  B _ H r 

and /~ = (B)c. Set B - - ( H r , E ,  B, {a}, .q), where ,q is a well-order of  H r. 
Hence, /~ is a reduet o rB[G] .  

CLAIM 1. There exists, in V, an M < B  such that  I M n ~ c l  = a + ,  
IM n a +l -- a, a ~ M a n d  M n a + is transitive. 

PROOV OF CLAIM 1. Let US work for a moment  in V. Let X < B be such that  

I XI = a + and IX n a + I -- a. Set ~0 = sup(X n a +). Clearly, ~0< a +. Hence, 

a < ~0 < a +. Set M ---- HulI(X U ~0, B). It is clear that  ]MI -- a +. Hence, it is 
enough to show that  M n a + = ~0- To see this, let t(Vl . . . . .  v,, w) be a term, 

and let 5~ . . . . .  5, < ~0 and a E X  be such that  r -- t ( 5 ~ , . . . ,  5,, a ) E a  +. We 

have got to show that  ~ < ~o. Take I / ~ X  n ~o such that  5 ~ , . . . ,  ~, < t/, and set 

S(tl, a) = {t(y~ . . . .  ,7 , ,  a)/yl . . . . .  Y~ < t/}. Clearly, S(tl, a ) ~ X ,  and t(~, a ) ~  

s(tl, a) n a +. Hence, setting 7 = sup[s(t/, a)  n a +] we see, since a + ~ X ,  that  

t(5, a)  < 7 < ~o. QED Claim 1. 

Let M be as in Claim 1. Let h : N--- M be the transitive collapse o f  M.  Set 

P' -- (h-~)(P) and H -- (h-~)"(G). 
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CLAIM 2. H is P'-generic over N. 

PROOF OF CLAIM 2. Let D be a maximal antichain in P', such that D is 

first-order definable in N. By elementarity, D ~ N [since B satisfies that every 

definable subset of  P is a set]. By elementarity again, N ~ "I D I < a ' ,  since P 

satisfies the a +-antichain condition in V. But h r~. 1 = Id, and hence h"(D) = 
h(D). Hence, h"(D) is a maximal antichain in P, and we are done. 

QED Claim 2. 

Since H is P'-generic over N, N[H] satisfies the Truth Lemma. Since 

h"(H) c_ G, h has an extension to a map h* : N[H] ~ B [ G ] ,  given by h*(aH) = 
(h (a))G. Set h~r = Rg(h*). Hence, ~r  </~[G], and it is clear that I~rl = a +. On 

the other hand, N[H] has the same ordinals as N. Hence, On n M = 

(h*)"(On n N[H])  = h"(On n N) - On n M. So, ~r  n a + = M n a +, and 

[ A / n  a + I < a. QED Theorem 3. 

2.3. We will have to deal with situations where, keeping the notations of  

the proof  of  Theorem 3, H cannot be P'-generic over N. Hence, h will not 

extend to an elementary embedding from N[H] into BIG]. Hence, we have got 
to refine slightly the argument. 

Keeping the notations of  the proof  of  Theorem 3, we see that, due to the 

definition of  h*, J I / =  {aJa E M}. We will keep this definition of  JI/. However, 
it will be false that J14 n On - M n On [actually, -~r  O On -- M O On" is 
equivalent to " H  is P'- generic over N ' ,  as shown in [S]]. Hence, we will have to 

ensure that, although /ff n a + is larger that M n a +, we do not add too 

many ordinals. 

2.4. Hence, assume that g is a regular cardinal, and that B -- (Hz, E , . . . )  is 

a structure, where " . . . "  denote some additional predicates, including a well- 
order of  H~,. Let P be a set of  conditions, such that 9o(P) ___ Hz. Let M be an 

elementary substructure of  B. Let G be P-generic over V. Set M[G] = 

{ao/a EM}. 

LrMMA 4. M[G] < B[G]. 

PROOF OF LEMMA 4. Let us first observe that the forcing relation over P 

restricted to B is definable in B, since ~ ( P )  ___ H r. [This point is, however, not 

essential in the proof, since we could always add it to B as a predicate.] 
To show that M[G]-< B[G], let us take a formula ~0(vl . . . . .  vn) and 

terms al . . . . .  an E M  and show that M[G] ~ (0((al)~ . . . . .  (a~)6) iff 
B[G] ~ ~0((al)6 . . . .  , (an)~). We proceed as usual, by induction on ~o, so 
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that we can assume that ~o is of  the form ( 3 x)O, and that it is true in B[G]. Let 

poe G be such thatpo II-e ~o(al, . . . ,  a,). Since B ~ ZFC- and since ~ ( P )  _ Hu, 
the maximum principle is valid in B. Hence, we can find a term b ~ H u such 
that 

B ~ (Vq)[q I~-e ~o(a~ . . . .  , a,)---,q I~'~" O(b, a, . . . . .  a,)]. 

By elementarity, such a term b must exists in M. By induction hypothesis, 

M[G] ~ O(b~, (al)~ . . . . .  (a,)~). QED Lemma 4. 

2.5. REMARK. We could define M[G] in another (equivalent) way. Let 
h : N ~  M b e  the transitive collapse of M. Let B denote the boolean completion 

of P. Assume that G is B-generic over V, and set B ' =  h-I(B) and H - -  

(h -1)"(G). Hence, H is an ultrafilter over the N-complete boolean algebra B'. 
Hence, we can define the boolean model NBTH. It is immediate that h extends 
to an elementary embedding from NS'/H into B, and that the image of this 
elementary embedding is precisely M[G]. 

3. Consistency results 

3.1. We shall begin with the following theorem. 

THEOREM 5. Assume that GCH holds. Assume that there exists an elemen- 

tary embedding j : V ~ N such that: 

(1) N is transitive and j ~ Id. 
(2) I f  we set x = cp(j) and 2 = j (x ) ,  then N ~ .. . .  c_ N. 

Then there exists a generic extension o f  V in which (Ro,+ 1, R,o)-~(o91, O)o) holds. 

PROOF OF THEOREM 5. 

CLAIM 1. In V, (2 +~ 2+~ +~ x+~ 

PROOF OF CLAIM 1. Let L be a countable language and A = 
(2 +t~ 2 +t~ L A) be a structure. Set rt = j  tA. rt is an elementary embedding 

from A into j(A).  Since N a . . . .  __. N, Rg(lt) = M ~ N  and M < j (A).  It is clear 

that IMI = 2  +~ = j ( x  +~ and that M N j(2+'~ =j"(2+'~ hence that 
I M N j (2 + o,) I = J (x + o,). Hence, N ~ "j (.4) admits an elementary submodel of  
type (j (x § o~ + ,), j (x §176 By elementarity, A admits an elementary submodel 
M'  of type (x +'~ + 1, x+ o,). QED Claim 1. 
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REMARKS. (1)  Since M n 2 = x is transitive, we could also assume that 

M '  O tcEx.  
(2) Since rr r~ -- Id t~, Claim 1 would still be true over languages of  arbitrary 

cardinality < K. 

We can now forget about the elementary embedding j and use only the fact 
that, in V, (2+~ +`0+1, tc+`o), and some cardinality properties, 

following from the GCH. 
Let Po be the set of  all finite partial functions p" co ~ ~: +`0, ordered by reverse 

inclusion. Hence, IPo] = ~:+`0, and hence in W'0, ~:+`0+1 = co~. In Ve0, let P~ be 

the Levy set making 2 = co2 with countable conditions. Set P = Po * P1. It is 
clear that I P[ - -2 ,  that P has the 2-antichain condition and that, in V p, 
~:+`0+1 = col, 2 = co2, 2 +`0= R`0 and 2 +`0+1= R`0+1. We claim that, in V j', 

(R`0+ 1, R`0)--)}(col, coo) holds. 
To see that, set/1 = :t +`0+ 1, and let G be P-generic over V. Since ~ ( P )  __ Hu, 

we see that (Hu)na] = Hu[G]. Let 1~ E V[G] be such that/~ c_ Hu[G] and set 

= (Hu[G],E,B). Let B E  Vbe  such that B c_ H u and/~ = (B)~. Finally, set 

B = (Hu,E, B, {P}, <~), where <~ is a well-order o f H  u. Let M E  Vbe such that 
M < B ,  IMn2+`o+~l = x  +`0+1 and IM n2+~ = x  +`0. Set 3;I=M[G]. By 

Lemma 4, M < B[G]. It is clear that IMI =~c §247 = (col) v[G~. Hence, it is 

enough to show that 

CLAIM 2. V[G] ~ "13/n ,~+`ol  <coo". 

PROOF OF CLAIM 2. Let 0be  an ordinal. Say that a is a 0-term ira  EHu and 
IF, "a E0".  Let T(0) denote the set of  all 0-terms. It is clear that 3~t n 2 +`0 = 

{aG/a E T(2 +`0) n M}. Moreover, since 2 +`0 = U (2+"/n < co}, and since 
(V n < 09)[2 +" E M ]  (because co + 1 c_ M)  and :t +`0 E M ,  we see that AI N 2 +`0 

is still equal to {aG/for some 0 E M  O ;t +`0, a E T(0) O M}. Hence, in order to 

show that [A/N A+`ol < co, it is enough to show that, for all 0 E M  n 2 +`0, 

V[G] r I T(0) N M I _-< o9. Hence, take O E M  O 2 +`0. An element a E T(0) can 

be obtained as follows. Let B denote the boolean completion of  P. Define a 

function f :  0 ~ B  setting, for a < O,f(a) = II a = a II ~. It is clear that a~is the 
unique a < O such that f(a) E G. Since P has the 2-antichain condition and 

IPI = : t ,  we see that IBI = ; t  and that BEHu.  Hence, T(O)EH u and, 
moreover, I T(0)I = 2 6 < 2  +~ since we assume that the GCH holds (2 +0, 

strong limit would be enough for this point). Since B r " lT(0)l  <A +`0", 

M r  "1T(0)I _-<2 +`0". Hence IT(0)O M[ < x+`0. So, V[G] r IT(0)n  g l  __<09. 

QED Theorem 5. 
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3.2. We can improve  Theorem 5 as follows. 

THEOREM 6. Assume that the GCH holds. Assume that 1 <= n < co and that 
there exists an elementary embedding j :  V-*  N such that: 

(1) N is transitive and j v~ Id. 
(2) Setting x = cp(j') and2  = j ( x ) ,  N a .. . . .  _ N. 

Then there exists a generic extension o f  V in which (R,o.+l, R,~.)~(og.+,,  to.) 

holds. 

PROOF OF THEOREM 6. We follow the p roof  of  Theorem 5. As first claim, 
we obtain the fact that (2 +'~ + ,, 2 + o, ) _~ (x + o, + 1, x + o, ) holds in V. Moreover,  

by Remark  (2) following the p roof  of  Claim 1, this hypothesis  holds over all 

languages L such that I L I < x. In particular, this implies that we can always 

assume that our elementary substructure M is such that o9, + 1 c_ M.  
Now, let P0 be the set o f  all partial functions p : o g , - *  x +'~ such that 

I P I < to,, ordered by  reverse inclusion. The supplementary point  here is that, 

because of  the GCH,  IP01 = x +'~ Hence,  forcing with P0 preserves all the 
cardinals 7 such that Y =< to, or  Y > x +'~ and makes x+,o +l = o9,+1. 

We let, in VP0, P~ be the Levy collapse making 2 the successor of  x+'~ + 1 and 

set P = P0 *P~. Hence  IPI = 2, P has the 2-antichain condit ion and, in V e, 
K+t~ -~- ogn+l ,  2 = o9n+2, 2+ton "~- Rton and 2+~ +1 = Ro,.+l. 

Let us keep the notat ions of  the p roof  of  Theorem 5. Since o9, + 1 _ M,  
{2 +~/i < o9, } c_ M.  Hence,  3 i  n 2 +,o = (ao / for  some 5 ~ M  n 2+~'., 

a E T ( 5 ) n M } .  Hence,  it is enough to show that, for 8 ~ M n 2  +~ 
I T(5) (~ M I < r +~ This is proven exactly as in Theorem 5. Q E D  Theorem 6. 

3.3. REMARKS. (1) O f  course, the scheme o f  p roof  of  Theorem 6 applies to 

a variety of  situations, as soon as the right cardinals are preserved. 

We did not use fully the full fact that I P I = 2 and P satisfies the 2-antichain 

condition. I P I < 2 + o, [resp. I P I < 2 + ~, ] would  have been enough. 
(2) In general, we could also have argued as follows. Assume the GCH.  Let 

p, x be two regular cardinals, such that o9 =< p < x. Assume the existence of  an 

elementary embedding  j �9 V- - -N  such that N is transitive, j § Id, and, if  we set 
x = c p 0 )  and 2 = j ( x ) ,  then N ~ .... _ N. Then, in some generic extension of  

V, (Rp+l, Rp)--~(P+,P) holds. 
(3) As we have seen in L e m m a  1, (Rp+l, Rp) --~ (p++,p+) will, in general, 

not  be consistent. 
(4) What  about  (Rp+l, Rp)-~(5 +, t~), with 5 + _-<p? 

More  specifically, what  about  
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(a) (No,,+1, R~,,)---~(o91, COo), 

(b) (Rob+l, Ro~)--~(o92, o91), 
(c) (1~o~+1, ~o~)~(o91, O9o)? 

A glance at the p roof  of  Theorem 6 shows that the construction does not 

work in this case. For, assume that 0 < k < n < o~, that x, 2 are two regular 
cardinals such that ogn < x < 2 and that (2 + % + 1, 2 + %)__~ (x + % + 1, x + o,.) holds. 

Assume also that a set o f  condit ions P has been found, such that we can 

establish that  (Ro, n+ 1, Ro,.)~(tOk+ 1, Ogk) holds in V p, using the above hypothe- 
sis in V, and the method  of  p roof  o f  Theorem 6. Let G be P-generic over V. In 
V[G], the following has to hold: 

(a) Ix+~nl =COk, 
(b) 2 +% = Ro,.. 

Since Wk < ton < X +%, (a) implies that o9, is not a cardinal in V[G], contradict- 
ing (b). 

Hence,  we have got to do a slight change in the p roof  of  Theorem 6. 

THEOREM 7. Assume that the GCH holds. Assume that k, n are two 
integers, such that 0 < k + 1 < n. Assume that there exists an elementary 
embedding j :  V--, N such that: 

(a) N is transitive and j  ~ Id. 

(b) I f  we set x = cp(j)  and 2 = j ( x ) ,  then N ~§247 c_ N. 
Then there exists a generic extension o f  V in which (Ro~o+~, Ro~.)--~(Ogk+l, Wk ) 
holds. 

PROOF OF THEOREM 7. As in Claim 1 o f  the p roof  of  Theorem 5, we see 

that the relation (2+a+l, 2+~)--~(x+~+~, x +~) holds in V. Hence,  we shall 
derive the result f rom this hypothesis,  together with some cardinal assump- 
tions. 

Let P0 be the set o f  all partial functions p : o) k ~ R7 + x ,  such that I P I < (/)k- 

Using GCH,  we see that Ie01 = x +~. Hence,  forcing with Po preserves all 

cardinals ~, such that 7 < (-/)k or  ~, > x +~+1. Moreover,  [I-P0 "O~k+ 1 = R T + x + I -  

In Veo, let Pi be the Levy set o f  condit ions making 2 = ton. Forcing with P~ 
over  Veo does not  destroy x +~§ precisely because k + 1 < n. Set P = P0 *P1. 

Hence  IPI = 2, P has the 2-antichain condit ion and in V e, x+~+l = 09k+~, 

2 = wn, 2 +~ = Ro~. a n d 2  +a+l --- R~o.+l. As usual, s e t #  = 2 +a+~ and let B ___ H r. 
Set B = (H~,E,  B,  {P}, ,0), where <1 is a well-order o f  H , .  Let G be P-generic 

over  V, and set B = B[G]. We have got to find some 3~r~ V[G] such that 
Air < / i ,  I~rl = tOk+l and I M  N 2+al ---- tOk. AS before, we take a set M E  V 
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such that M < B ,  [ M l = x  +~+1 and [ M A 2 + 4  1 = x  +~, and we set 21~t= 

M[G]. It is clear that 13~tf = x +~+1 = C0k +l. Hence,  we have got to show that, 

in V[G], IMN2+~I =<O~k. 
To show this, we shall anew "count  the 2 +4-terms". 

Assume that ~ r  O 2 +4. Let a ~ M  be such that ~ - - a ~ .  Applying the 

max imum principle in H u, we see that there exists a term b E H u such that 
(1) [[-eb < 2  +4 , 

(2) ][-ea<2+4~a=b. 
[In particular, for any such b, ba - a~ = ~.] 

By elementarity, such a b must  exist in M.  This means that we can, wi thout  

loss of  generality, assume that 
(a) [[-e a < it +4. 

Now, we shall use the fact that P satisfies the it-antichain condition. This 

implies that 
(b) B r "for some ~ < it +4, [[_~ a < ~". 

By elementarity, there exists some ~ E M  A it +4 such that []-p a < ~, which 
means that a ~ T(&) [the set o f  all 0-terms]. Hence,  we have shown that 

(c) ~r  N/l +4 = { a J f o r  some ~ M  N it+4, a ~ T(O) N M}.  

This implies that  Ih /n i t+4 l  _-< IMnit+41 .suP{lT(6)l/OEMNit+~). 
Hence, let us verify that, in V[G], this cardinal is at most  tOk. 

(i) V[G] ~ IMNit+41 = Ix+~l = ( - D  k. 

(ii) Assume that 6EM N 2  +~, and let us show that V[G] ~ IT(6)I <tOk. 

Let B denote the boolean complet ion of  P.  Since I PI  = it and P satisfies 

the it-antichain condit ion,  we see that [BI --it .  Hence,  as in the p roof  o f  
Theorem 5, we see that  B ~ I T(6)I --<_ IB ~ I = / ?  <it+A, since 6 < ~ + ~  and the 
G C H  holds in V. Hence  M ~IT(O)I--<2 +4 , and so V[G] ~ I T ( O ) N M I  < 

I x+~l _--< oJk. QE D Theorem 7. 

3.4. REMARKS. Hence,  we have solved the cases (Ro~.+ 1, Ro~.)-~(tOk+ 1, tog), 
except one: (R,o.+~, Ro~.)-*(to,, o9,_1), with n > 1. We shall leave this case 

open. 
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